In a recent work, we have demonstrated that the two-measures model in which one modifies gravity so that a scalar field is coupled to both standard Riemannian metric and to another non-Riemannian volume form is compatible with observational data from Supernovae type Ia.
Introduction
The observational data on the evolution of the Universe give very strong indications of the domination of different components of the energy density during different epochs. While the quantitative interpretation is modeldependent, qualitatively, we know that the Universe has passed trough different stages -radiation-dominated era, matter-dominated era and current, dark-energy dominated era. Those epochs can be described in the frame of the Λ − CDM model as different components in the energy density of the Universe. To resolve a number of cosmological problems, however, one needs to introduce an additional exponential expansion in the beginning of the Universe -the inflation. While the initial inflation seems to solve the problems in front of the theory (namely the horizon problem, the flatness problem, the missing monopols problem and the large-structures formation problem 1 ), its theoretical description is ambiguous. Numerous models have been proposed to describe the inflation -chaotic inflation (one scalar field rolling in a potential), multi-field theories (more than one scalar fields), modified gravity (f(R), Brans-Dicke etc), for a review see 2, 3 .
Our work is in the framework of multi-measure gravitational models developed by Guendelman, Nissimov and Pacheva. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Some of these models are naturally connected to of the quintessential inflation proposed by Peebles and Vilenkin. 16 In our previous work 17 we have studied the cosmological aspect of a two-measures model with a new scalar field (called darkon) coupled to two independent volume-forms. One of the volume forms is the standard Riemmanian volume form and the other is a new, metric independent non-Riemannian volume form. The advantages of this model are that from its equations of motion follow both the existence of dark energy (as a dynamically generated cosmological constant) and of dark matter (as a dust contribution to the energy-momentum tensor). The numerical investigation of this model demonstrated the possibility to fit the data of Supernova Type Ia with the parameters of the model and to obtain two families of parameters for which the model corresponds to the observational data. This model, however, was able to explain only the late-time evolution of the Universe, i.e. the matter domination epoch and current accelerated expansion.
In the current work, we present our results from the numerical study of an inflationary model 9, 15 featuring two scalar fields (darkon and inflaton). In this model, the dynamics of the Universe is described by the movement of the inflaton field over an effective step-like potential with two infinite plateaus connected with a steep slope. It is advocated in Refs. 9, 15 that the left, higher plateau corresponds to the inflationary Universe, while the right, lower plateau to the current expanding Universe. These results are based on the existence of asymptotic solutions describing free moving inflaton. Our results show that for some particular values of the parameters we can obtain the required epochs of the evolution of the Universe. However, the results demonstrate the existence and importance of a friction term in the inflaton equation of motion. As a consequences it is impossible to start the evolution from the left plateau and to reach the right plateau no matter of the initial inflaton velocity. Furthermore, the final value of the inflaton field is always finite and constant. Also, we have observed that prior to the initial inflation, there is a ultra-relativistic matter dominated period related to the initial singularity of the equations.
The model
A multi-measure model aimed at describing the evolution of the Universe has been developed in the works by Guendelman, Nissimov and Pacheva. 9, 15 It features besides metrics two additional scalar fields -an inflaton φ and darkon u. Here we mention only the points directly related to our numerical work.
The action of the model is
where
is the standard gravitational action in Palatini formalism and S darkon and S inf laton are the darkon and inflaton actions respectively. In S darkon two independent measures √ −g and Φ(C) are cou-
Here Φ(C) is generally covariant integration measure density dual to the field-strengths of an auxiliary 3-index antisymmetric tensor gauge field C νκλ , namely
We have three additional non-Riemannian measures in the inflaton action:
Here A, B and H are three additional auxiliary 3-index antisymmetric tensor gauge fields, Φ(X), for X = A, B, H is of the same form as Eq. 3, and:
The variation of S with respect to the auxiliary fields A, B, C and H leads to four dynamically generated integration constants M 0 , M 1 , M 2 and χ 2 :
Note that only χ 2 is dimensionless, while M 0 , M 1 and M 2 are with dimension mass 4 , as well as f 1 and f 2 .
In the Friedman-Lemaitre-Robertson-Walker space-time metric the variation of S with respect to darkon and inflaton fields and the first Friedman equation lead to the following system of two coupled differential equations and one cubic equation:
where a(t) is the metric scaling function,
, and the parameters of the cubic equation are:
The energy density is:
Our strategy to deal with the system of Eqs.(8-10) is to solve algebraically Eq. (8), to substitute its solution in Eqs.(9-10) and then to integrate the resulting system numerically 2 . Equation (8), as a cubic equation, has 3 roots of which at least one is always real. The roots can be written as:
is one of the three roots of
We can write down the second Friedman equation as well which is not independent but is connected trough the equation of state Eq. (8) to Eq.(9)
where p = 1 2φ
Numerical results
Before starting with numerical analysis it is useful to have some estimates of asymptotic values of the energy density ρ and pressure p in the Universe to compare with. First, we can derive the following limits for the equation of state (EOS) w = p/ρ:
Second, the model possesses an "effective potential" depending only on inflaton field φ of the form:
For certain parameters, U ef f (φ) has step like form with a steep slope, connecting left (higher) and right (lower) plateaus. The length of φ-interval of the slope depends mainly on the parameter α. The asymptotic of the left plateau is
and asymptotic of the right plateau is
. Note however that the effective potential does not bring the kinetic energy in standard form. For example, even in the limit of slow roll approximation (neglecting the terms ∼φ 2 ,φ 3 ,φ 4 ) the inflaton equation has the form:
. Nevertheless, we find the effective potential useful, because it naturally distinguishes three regions of φ-values (left plateau, slope, right plateau) on which we observe three qualitatively different solutions of the system (8-10) which enables us to correctly track the movement of the inflaton regardless of the validity of Eq. 15.
As a consequence of the existence of a strong friction term (see Sec. (4)), in the far future, when a(t) → ∞,φ(t) → 0 we have
where we have taken into account that b − −−−− → a(t)→∞ 0 and v → 0 for a > 0 and v → √ −3a for a < 0. Thus have a dynamically generated cosmological constant for a < 0
We have presented already 18 some results on the model numerical analysis. Here we consider wider region for the parameters. The system (8-10) has 12 free parameters, namely {α, b 0 , M 0 , M 1 , M 2 , f 1 , f 2 , p u , χ 2 }. Some of them are the theory parameters and some are dynamically generated (integration constants). In addition, because Eq. (9) is a first order ODE and Eq. (10) is a second order ODE we have three initial conditions {a(0), φ(0),φ(0)} 3 . Since these are plenty of parameters, we would like to restrict somehow their number and the region of variation.
The first step is to fix our units convention. We use units in which c = 1, G = 1/16π and t u = 1, where c is the speed of light, G is Newton constant and t u is present day age of Universe. Thus, our mass unit is equal to 1.62 × 10 59 M P l where M P l is Plank mass.
Second, it is assumed in Ref. 9 that the left plateau corresponds to the pre-inflationary Universe (Planck times) and the right plateau to the current and future accelerated expansion, On this base, the following estimated values have been advocated:
Implicitly, these estimates are based on the existence of a solution describing inflaton moving from the left to right plateau. We do not observe numerically such solution. Moreover, there are strong indications that such solution does not exist (see Sec.4). Therefore, the only restriction to the model parameters from the effective potential is
Third, we have to work with real solution of Eq.(8). However, there is no globally defined smooth real solution of Eq. (8) in the plane [a, b] . So, we choose to work with M 0 < 0 which guarantees that b < 0 and the reality of the root v 1 which we will use in what follows as solution of Eq.(8) (and we will skip the index 1 for brevity). Moreover, we can always fix M 0 . This is possible because of two reasons: (1) we have shown in Ref. 17 that (with a proper combination of other parameters in the model) we have a nice fit of super novae Ia data for any M 0 , and (2), we expect that at the observed super novae times the inflaton field is settled down leaving the Universe dynamics to be governed by darkon field only (with some constants determined by asymptotic value of the inflaton).
Fourth, we observe that practically the evolution does not depend oṅ φ(0) -any initial inflaton velocity is almost immediately reduced to the one, dictated by dynamics. These gives us the possibility to use more "physical" initial conditionsφ (0) = 0.
We observe that the position of the effective potential slope is parameter depending. We would like to use this freedom in future to set φ(0) = 0 which we consider "more physical" as well, but this is not a priority of our current numerical investigations. Fifth, here we use
in opposition to b 0 = −0.52 in Ref. 9 because for negative b 0 we have problems with ρ. Thus far we haven't performed a thorough consideration of the model in the whole parameters space and even in the reduced one as described above. In this article, we limit ourselves to two representative cases for the parameter-space we have studied so far:
For these parameters, using the value of the cosmological constant ( ≈ 3.6 in our units) one can easily obtain:
(21)
• Case 2:
For these parameters the relation between χ 2 and M 1 becomes:
In both cases we observe three types of deceleration-acceleration sequences in the Universe evolution. The evolution always starts with deceleration due to the singularity of ρ at a = 0. The observed evolution types are: (a) only deceleration; (b) deceleration followed by acceleration. The acceleration can be (i) very strong, i.e., we have inflation in which case the deceleration epoch is extremely short, or (ii) very slow, i.e., corresponding to acceleration with cosmological constant as given in Eq. 17. Which of these option is realized depend on the asymptotic value of φ; (c)"physically realistic" Universe with four epochs -short first deceleration epoch (FD), early inflation (EI), second deceleration (SD) which we interpret as radiation and matter determined epochs together and finally -infinite slow accelerating expansion (AE). The third type represents just a small part of the parameter space, very sensitive to fine-tuning. Thus, a significant part of the numerical work is to find the points in the parameter space for which we observe the physically realistic behavior. Numerically, this means that the second derivative of the scale factor has to cross the t-axis in three points, turning the problem into root-finding problem. In order to find the zeros of the function with arbitrary precision, we use the 1-d Muller algorithm on the polynomial approximation ofä(t) (Eq. 9 or Eq. 12 for independent confirmation) provided by Maple. In the units we use t SD ∼ 10 −50 and t AE ∼ 0.71. At the moment we are unable to reproduce t SD but this seems to be due only to numerical problems and there is not indication that this is impossible in principle.
The main observation in our work is that it is impossible to start the evolution from the left plateau and to obtain physically realistic solution as defined above, no matter what is the inflaton initial velocity. If one starts from the left plateau, one ends with type b(i) Universe.
The only way to get a physically realistic solution is to start from the slope and roll down to the right plateau. Some examples of a physically realistic solutions are shown on Fig 1 and 2 . We have used the parameter b 0 to set t AE ∼ 0.71 and parameters f 1 and p u to ensure a(1) = 1.
Alternatively, we can use φ(0) to ensure the scaling function proper normalization but, as we have explained earlier, we want to preserve the possibility to set φ(0) = 0 in some later moment. The two different region of exponential expansion of the Universe are well visible on the logarithmic plot of a(t) Fig 1 panel (a) and especially on Fig 2 panel (a) .
The other phases of the Universe evolution are easily traceable on Fig 1  and 2 , panels (c), (d) and (e), where the time dependence of a ′′ (t) and w(t) An important numerical result is that the inflaton scalar field φ tends to a constant (see Fig. 1 and 2, panels (b) ), i.e. we observe "friction". As a result the inflaton always stops its movement independently of the initial conditions. This means that theory predicts the existence of a scalar field with in general nonzero average value in the late Universe.
As it is expected, the parameter α is crucial for the inflaton evolution and thus for the value of t SD -see Fig 1 and 2, panels (c) . However, it turns out that it is impossible to obtain realistic t SD solely increasing α. Two other parameters effect significantly the value of t SD -f 1 and f 2 . See  Fig 1 and 2 , panels (d). As a result we expect that α, f 1 and f 2 will have really big values for realistic t SD . This is just the opposite to the estimates in Ref. 9 where it is asserted that in order for the theory to be compatible with Planck data, 19 one needs α → 0 and in addition f 1 ∼ f 2 ≪ 1. From our experiments it is clearly seen that the small α in Case 2 leads to significantly longer initial inflation than in Case 1.
On Fig. 1 and 2 panel (f) we present the evolution of the "slow-roll" parameters of the model 20 :
One can see that during the inflation ǫ is much smaller in Case 2 than in Case 1. Note that effectively ǫ measures the "exponentiality" of a(t) and the observation just shows that in Case 2 we have longer period of pure exponential growth of a(t) with dynamics dominated entirely by inflaton, while in Case 1 the dynamics of the inflaton and darkon are not decoupled. Numerically, the main difference between the two cases is that in Case 1, we have A(φ) >> 1, while in Case 2: A(φ) → 1) (see Eq. 15).
Approximate analytical solution
The effective potential of this theory is one with two plateaus (corresponding to −∞ and +∞) connected with a steep slope. In our simulations we have shown that starting from the left plateau one obtains solutions corresponding to infinite inflation. Below, we perform analysis proving that indeed this is the case and one cannot start from the left plateau and end on the right one, because of the friction term which slows down and freezes the evolution of the scalar field φ. During the analysis we decouple Eqs. (8) (9) (10) assuming that a(t) = e Ht . This is a reasonable assumption considering that we expect inflationary solutions on the upper plateau (and in the late Universe as well). In this cases, one obtains for the velocity of the darkon scalar field the following approximation
Here, we have neglected the terms ∼ 1/a(t) 3 (or equivalently, we set c u = 0) andφ(t) → 0 (equivalent to set b 0 = 0). It is clear that for φ → const we have constant nonzero v, i.e. dark energy is dominant.
If we analyze numerically the different terms in Eq. 9 we see that under this approximation, the following terms can be neglected:
1 4 χ 2 b 0 α(φ(t)) 2 e −αφ(t) v(t) 2 → 0 (25)
This means that Eq. 9 turns into very simple ODE:
φ(t) + 3(φ(t))H = 0 with general solution φ(t) = C 1 + C 2 e −3Ht which tends to a constant for H > 0. This confirms that there is a strong friction term stopping the evolution of φ(t) in the case when one works with inflationary solutions.
Conclusions
We have studied numerically the inflaton model of Guendelman-NissimovPacheva by integrating the coupled differential system governing the darkon and inflaton fields. Our calculations have confirmed that qualitatively this model can successfully describe the evolution of the Universe, since it naturally reproduces its main phases. Quantitatively, the emerging picture seems different than the one sketched in Refs. 9, 15 with parameters tending to quite different values. This require some additional work, both theoretical and numerical, in order to clarify the situation.
We have shown that the inflationary region of the effective potential is its slope, while the evolution starting from higher plateau is nonphysical. A connecting result is that the inflaton field tends to a constant thus predicting the existence of a non-zero averaged scalar field in current Universe. Furthermore, we have shown that the evolution starts with a matter-dominated stage which is a qualitatively new result.
